Light interaction with optical cavities is of fundamental interest to enhance the light-matter interaction and to shape the spectral features of the electromagnetic fields. Important efforts have been carried out to develop modal theories of open optical cavities relying on an expansion of the fields on the eigen-fields of the cavity. Here, we show how such an expansion predicts the temporal dynamics of optical resonators. We consider a Fabry-Perot cavity to derive the full analytical expressions of the internal and scattered field on the quasi-normal modes basis together with the complex eigen-frequencies. We evince the convergence and accuracy of this expansion before deriving the impulse response function (IRF) of the open cavity. We benefit from this modal expansion and IRF to demonstrate that the eigen-modes of the open cavity impact the signals only during the transient regimes and not in the permanent regime.
INTRODUCTION
Resonances play a fundamental role in various fields of wave physics, such as acoustics, electronics, mechanics and electromagnetism. In optics and photonics, resonant light interaction with optical resonators is a key concept that plays a role in a variety of applications such as laser cavities [1] , non linear optics [2] and enhanced Purcell factors [3] . The simplest and most widespread type of cavity is certainly the slab geometry, also known as the Fabry-Perot cavity [4, 5] .
Resonances originate from the coupling between the eigen-modes of the photonic cavities with the excitation field [6] [7] [8] . Optical cavities are never perfect and light must eventually either leak outside the cavity or be absorbed by material degrees of freedom. Consequently, optical cavities are mathematically described by nonHermitian operators and their eigen-frequencies are complex ω n = ω n + iω n . Eigen-modes in non-Hermitian systems are called Quasi-Normal Modes (QNMs) or resonant states [6, 7] . Causality imposes that ω n < 0 when the e −iωt convention for time dependence is used. Scattering losses are described by imposing that the QNM of these structures satisfy outgoing boundary conditions. They consequently behave as e iknr with k n = ωn c when r → ∞ which yield an exponential divergence from the photonic structure also called "exponential catastrophe" [11] [12] [13] . This problem, and the related issue of the normalization of the modes, can be addressed in the harmonic domain with the use of Perfectly Matched Layers [10, [14] [15] [16] or of Gaussian regularization [17] . The divergence may also be tackled in the time domain when causality is enforced [18, 19] . Expansion of the internal field may however still be carried out despite the divergence [9, 20, 21] . It turns out that the QNM theory is particularly well suited to study resonant light interaction with open optical cavities in the time domain. In particular, this theory is expected to provide novel insights in the dynamics of the optical response of photonic systems.
Here we provide the modal and analytical expressions of the reflected, transmitted and internal fields of a Fabry-Perot cavity in the harmonic and time domains. A comparison between analytic and numerical calculations of the reflected and transmitted fields shows the convergence and strong accuracy of these analytical expressions. We therefore show how to derive the impulse response function of the optical system from which can be obtained any response from an arbitrary excitation. We benefit from these expressions to demonstrate that the eigen-modes of the cavity excited by a sinusoidal causal field significantly contribute to the optical response during the transient regime but not in the permanent regime. We derive fully analytical expressions for both eigenfrequencies and fields. This work can therefore serve as a benchmark for other numerical methods. Let us emphasize that the S and T -matrix formalism can be applied to a wide range of structures such as diffraction gratings and even arbitrarily shaped scatterers through a multipolar decomposition [22] [23] [24] [25] . The method derived in this work is therefore general and can be applied to other geometries of photonic cavities.
MODAL EXPANSION OF THE OPTICAL RESPONSE IN THE TIME DOMAIN
Let us consider an incident field which is a linearly polarized plane wave at normal incidence on a Fabry-Perot cavity of refractive index n s and thickness d placed in air [5] . In this configuration, the response of the system is polarization independent and the field can be described by a scalar model: E inc (z, t) = E(ω)e ikz e −iωt . The expression of the reflected Er(z, t) or transmitted Et(z, t) fields with respect to time t and ordinate z is: 
. The eigen-frequencies can be computed analytically in the case of Fabry-Perot cavities and correspond respectively to the even and odd elements of this sequence:
nd . The residues possess the following expression r
and are thus independent of the eigen-frequency and the type (i.e even or odd) of the associated mode. The use of the pole expansion ofr andt along with the residue theorem and the convolution theorem allow us to derive the following expressions for the time-dependent reflected and transmitted fields:
Expression of the internal is provided in Eq. (33) of the Supplemental Material. Eqs. (1) show that the reflected and transmitted fields can be expanded on the QNM functions proportional to e −iω
The basis has to be numerically truncated to 2M + 1 modes. In such a configuration, we can calculate the scattered fields with a quasi-normal mode (QNM) expansion without the need of any fitting parameter or numerical approach. Let us stress that despite the presence of exponentially diverging terms e −iω
p,α ) < 0, the previous expansions do not diverge thanks to the presence of the Heaviside distribution in the expression H t − z c [18] . The main difference between the reflected and transmitted/internal fields is the presence of a termr n.r. in the reflected field [18, 26] .
The validity of this modal expansion is assessed by studying a vertical slab illuminated by a pulse (see Fig. 1(a-b) ). The slab is in air and is composed of a material of refractive index of n s = 3, its thickness is 400 nm. We consider a sinusoidal electric field excitation with a Gaussian envelope
where z s = 1000 nm, ω = 2πf , f = 545 THz, τ = 20 2πf
and a = 36π ω (see Fig. 1(a) ). Π is the door function that has been multiplied to the excitation field to clearly specify the time at which the excitation field reaches the slab. These calculations are performed by taking into account M = 100 terms in the modal expansions. It can be observed that the calculations performed with the analytical expressions in Eqs. (1) match very finely to those obtained with CST in the time domain.
IMPULSE RESPONSE FUNCTION OF AN OPTICAL RESONATOR
Impulse Response Function (IRF), which is related to the time-dependant Green function, is a key function to analyze systems in wave physics since it permits to retrieve the time-dependent response of the system excited by any excitation field. The IRF corresponds to the case where E inc (z = 0, t) = δ(t). For Er(z, t) we obtain:
Similar expressions are obtained for Et(z, t) and E int (z, t) (see Eq. (35) of the Supplemental Material). This shows that the response of a Fabry-Perot cavity to a Dirac excitation is a superposition of one Dirac distribution and a set of oscillating sinusoidal functions with an exponentially decreasing envelope. However, one would expect that the response of a Fabry-Perot to a Dirac excitation would be a series of Dirac distributions with a decreasing envelope depending on the number of times light has been reflected back and forth inside the slab. Is this expected result in contradiction with the expression provided in Eq. 2? To answer this question, we first need to simplify this expression. For that purpose, let us point out that ω 
where we used ω This example illustrates the fact that the reflected field is a series of peaks with a decreasing amplitude. It helps us to clarify the role of each term in Eq. (3). It is in particular noticeable that there is a huge difference in the first peak when the non-resonant term is taken into account. This first peak corresponds to the direct reflection of light at the first interface of the dielectric slab. One consequently expects its amplitude to be equal to r, the Fresnel coefficient since the amplitude of the excitation field is equal to 1. In this case the Fresnel coefficient is equal to r = Reflected electric field at z = 0 for the different envelopes of the time-dependent excitation. In a) a very narrow Gaussian excitation is used to illustrate and the reflected field is close to the impulse response function. In b), the excitation has a Gaussian envelope. In c), the envelope of the excitation is a rectangular function.
is over, the response is fully described by the resonant terms. Figs. 2 b and c) illustrate the versatility of this method as it allows to compute the response from any type of excitation.
FROM TRANSIENT TO PERMANENT REGIME
Let us now establish the role of QNMs fields in transient and permanent regimes. Let us calculate the optical response of a Fabry-Perot resonator for an excitation equal to E inc (z = 0, t) = H (t) sin (ω 0 t) = iH (t) e −iω0t . Derivations are carried out in Supplemental Material and lead to the following expression for the reflected field: The transient response of the resonator consequently corresponds to an interference between the resonant terms and the permanent response (see Fig. 3 ). This result is consistent with the fact that linear systems illuminated with a monochromatic wave at frequency ω 0 feature a monochromatic optical response at the same frequency ω 0 and cannot feature terms at the QNM frequencies ω n . These terms can play a role in the transient regime since the excitation field exhibits a wide spectrum at short times. Consequently, in the harmonic regime, there are no terms proportional to the QNM fields. In this case, the eigen-modes only appear as poles of the transmission or reflection coefficients. Let us remark that the opposite result is observed when a sinusoidal excitation is shut-off: the signal was monochromatic before the cut-off and the signal after the cut-off results from the interference between the different modal contributions before fading off [27] .
To conclude, we derived the Impulse Response Function (IRF) of optical cavities with respect to their resonant states. This work provides an important step toward the derivation of the modal expansion of the time − dependent Green function. We studied the influence of resonant states on the response of optical cavities in the time domain and demonstrated that quasi-normal modes contribute to the optical response only in the transient regime. The optical response converges towards the harmonic case when t → ∞ and the field does not feature any term proportional to QNMs. This result proves that the modal analysis of optical cavities in the harmonic domain requires the calculation of the pole expansion of the S-matrix, similarly to the transfer function in electronics.
